Abstract: In this paper, we demonstrate how feedback from a saturation function can explain the generation mechanisms of cochlear distortion products (DPs) using a transmission line model of the cochlea, two simple nonlinear phenomenological models, and a power-law nonlinear model. The first model includes feedback via a saturating element that models outer hair cell motility toggled by mechanoelectric transduction. The second models focus on the saturation process in the cochlea, and result in either feed-forward or feedback. The third model can fit compressive growth in the cochlear input-output function. The models show compressive growth in input-output properties for a single tone and generate DPs at moderate input levels for two tones. The results of the transmission line model show a good fit to the experimental results. DP levels are concentrated when the levels of the two tones are equal in the simple feed-forward model and are widely distributed in the simple feedback model. The simple feedback model shows similar results to the transmission line model, with the exception of the dependence on the frequency rate. The results of the power-law nonlinear model with an appropriate power are comparable to the results of the simple feedback model. These results suggest that the saturating feedback process generates appropriate power-law nonlinearity and can account for the input level dependence of DP generation in the cochlea.
INTRODUCTION
Cochlear nonlinearities depend on sound pressure levels within an intact cochlea [1] . As one of various cochlear nonlinearities, distortion products (DPs) are a response to an absent tone after a two-tone pair is transmitted to the hearing apparatus. This phenomenon was observed 50 years ago in the auditory nerve [2] , in otoacoustic emissions [3] , and on the basilar membrane (BM) [4, 5] . Also, the amplitudes of DPs depend on the sound pressure levels of the two-tone pairs, and show a pattern of maximum values being distributed on a positive linear path and gradually decreasing when the difference in the two-tone pair level is increased [6, 7] . This level dependence of DPs can be explained explicitly by a saturation function that generates a modulation effect when a two-tone pair is presented [8] .
One of the sources of cochlear nonlinearities is commonly believed to be a saturating process in the cochlea. Transmission line models of the cochlea can predict DPs that arise from a dynamic interaction, including a saturating feedback [9] [10] [11] . However, clear explanations for DPs within the transmission line have not yet been reported because of the complex structure of the model [9] and the many parameters [10] . To correctly interpret these results, simplified models are required.
Despite the complicated mechanisms of the cochlea, mechanoelectric transduction in the isolated outer hair cells (OHCs) produces a saturation function that has been assumed to be the source of nonlinearities in cochlear mechanics [12] . The basic cochlear nonlinearity depends on the sound pressure level, and hence, compressive growth in the input-output (IO) function of the cochlea is an important property. Experimental measurements have shown that the slope is less than 0.2 dB/dB for sound pressure levels above 30 dB sound pressure level (SPL) [13] . To fit the compressive IO curve, simple feedback models using a saturation function have been adopted [14, 15] . Depending on the input levels, it has been shown that a simple feed-forward model representing a saturation function in OHC mechanoelectric transduction generates DPs [16] . Furthermore, a simple saturating feedback model that includes the saturation function also generates DPs [17] . However, it has not yet been reported how DPs are related to either feed-forward or feedback mechanisms.
As another way to fit cochlear nonlinearities, most of the phenomenological models apply a power-law nonlinear model, instead of a saturation function, to generate compressive growth [18, 19] . These phenomenological models can account for cochlear nonlinearities, as shown by the results obtained from the transmission line model [9] [10] [11] .
To account for the mechanisms that produce inputlevel-dependent DPs in the cochlea, the aim of this paper is to investigate how compression generated by saturating feedback affects input-level-dependent DPs. A transmission line model of the cochlea, two simple saturating models, and a power-law nonlinear model are tested. A transmission line model with saturating feedback is developed. The simple saturating models result in either feed-forward or feedback and consist of one saturation function and one gain factor. The simple models show that linear IO curve at a high input level differs from the saturation function. In order to discuss the degrees of compressive growth for the level dependence of DPs, the power-law nonlinear model is used, which shows compressive growth without a saturation function. The models are tested for single and dual tones.
MODEL
In this section, the modulation effect is explained to clarify the DPs in a saturation function. Then, three models are compared. Firstly, Sect. 2.2 introduces a cochlear transmission line model that is based on as mechanical dynamics of the cochlea. Secondly, Sect. 2.3 describes simple models that focus on the cochlear process. Finally, Sect. 2.4 describes the power-law nonlinear model used to fit the compression in cochlear IO functions.
Modulation in the Saturation Function
Modulation in the saturation function can account for DPs [8] . In this section, we introduce modulation in the saturation function.
A saturation function that emits output y for input x can be described by
where t is a time series and GðÁÞ is a saturation function. To analyze the saturation function, we define it as
From the third-order Taylor expansion, the saturation function can be defined by the above power series. Let xðtÞ denote the sum of two sinusoids, a 1 sinð2% f 1 tÞ þ a 2 sinð2% f 2 tÞ, where a 1 and a 2 represent amplitudes and f 1 and f 2 represent frequencies. In this case, yðtÞ includes the harmonics f3f 1 ; 3f 2 g and DPs f2f 1 À f 2 ; 2f 2 À f 1 ; 2f 1 þ f 2 ; 2f 2 þ f 1 g, which can be derived from trigonometric addition formulas. The amplitudes of both the harmonics and the DPs depend on the amplitude of the input xðtÞ. For example, the DP for 2 f 1 À f 2 is proportional to a 2 1 a 2 .
Transmission Line Model
The mammalian auditory peripheral system consists of the outer ear, the middle ear and the cochlea. It is responsible for transforming sound waves to neural firings ( Fig. 1, top panel) . The bottom panel of Fig. 1 shows cochlear processing. In the cochlea, fluid pressure differences generated by sound pressure waves vibrate the BM as the wave travels from the base to the apex. The peak of the BM traveling wave depends on the frequency of the sound. There are two types of sensory cells on the BM: the inner hair cells (IHCs) and the OHCs. The IHCs transform mechanical information to neural information, whereas the OHCs amplify the BM motion. Mechanoelectric transduction by the OHCs produces a saturation function and is thought to represent the origin of nonlinearities in the cochlea [12] . Thus, the functions of the OHCs are the amplification and saturation of the BM motion.
A sound wave produces a BM traveling wave along the cochlear length; a transmission line model can account for this traveling wave. Figure 2 shows an electrical representation of the one-dimensional transmission line model using an electroacoustic analogy [20] . In this analogy, the electrical voltage and current are analogous to the pressure and volume velocity, respectively, and the electrical impedance of a circuit is equivalent to the acoustic impedance of a system.
In Fig. 2 , a voltage source V s ðtÞ drives the transmission line model, where V s ðtÞ is analogous to the stapes sound pressure. The BM is spatially discretized into N segments. The present transmission line model expands the active linear model [21] to a nonlinear model. To produce the sharp tuning observed in a cat's auditory nerve, the micromechanical model shown in the middle section of Fig. 1 Overview of the mammalian auditory peripheral system. Fig. 2 was amplified by applying a voltage V a n ðtÞ representing the pressure generated by the OHCs [21] .
The electrical impedances Z 1 n , Z 2 n , and Z 3 n represent the acoustic impedances of the BM, the tectorial membrane (TM), and the hair bundles (HBs), respectively. The inductance L, resistance R, and capacitance C represent the acoustical mass, resistance, and compliance, respectively,
where m, c, and k are the mass, damping, and stiffness per area, and b and Áx are the width of the BM and the segment length, respectively. The displacement of $ n at the nth segment is
where I n ðtÞ is the branch current at each segment. The electrical impedance Z l n couples neighboring segments and represents the acoustic impedance of the fluid. The present transmission line model assumes that the fluid is lossless and not compressive. The inductance L l n represents the acoustic mass of the fluid and is
where & is the fluid density and A is the cross-sectional area of the scale. The channel opening probability of the OHCs' mechanoelectric transducer G tr ð$ c ðtÞÞ can be given a saturating property using a second-order Boltzmann function relating the probability of a transducer channel opening to the displacement of the HB, $ c [16] :
where t is time and K 1 and K 2 are constants such that
where A 1 , A 2 , $ c1 , and $ c2 are constants and $ c rest is the resting position of the HB. To modify both the scale and offset of G tr ð$ c ðtÞÞ, the saturation function used is
where $ c rest is the resting position of the HB and tr is chosen to be $ nl c ðtÞ ¼ $ c ðtÞ when the amplitude of $ c ðtÞ is less than 1 nm. Figure 3 shows the IO property of the saturation function in Eq. (8) .
An active element senses the gap between the BM and TM and provides feedback to the BM, amplifying its motion. The gap is defined as the HB displacement $ c , 
where c 4 and r 4 are the damping and stiffness, respectively, is the gain factor, and $ nl c is calculated from Eq. (8). Under low displacement levels (<1 nm), our model is equivalent to Neely and Kim's model [21] because $ nl c is equal to $ c from the definition of Eq. (8) . Tables 1 and 2 show the parameters values chosen to simulate the human cochlea. The BM tuning of the mammalian cochlea is generally independent of species [1] . Because the peak displacement of the BM traveling wave was less than 1 nm, the gain of the cochlear amplifier was set at 50-60 dB at the base, which is less than the value used in Neely and Kim's model [21] .
To use mesh analysis [23] , a state space model was established from the transmission line model shown in Fig. 2 . To solve the state space model, we chose the Runge-Kutta method, which is the most common technique for solving the cochlear initial value problem for the transmission line in the time domain [24] . The time step Át was 3 ms. The voltage V a n was calculated at each step using Eq. (10) . Each of the two primary tones was simultaneously presented for 65 ms with rise/fall times of 5 ms. Recording of the model outputs started 40 ms after the presentation of the tones (because the system required sufficient time to reach a steady state) and lasted 20 ms. In the time domain, the outputs of the model were the BM velocity _ $ 
Simple Models
The feedback from OHCs affects cochlear processing. It is the cause of cochlear amplification and the saturating process shown in Fig. 1 . Lukashkin and Russell reported that the amplitudes of DP level dependences can be described by simple feed-forward and feedback models including a saturation function in the OHC mechanoelectric transduction [17] . However, it has not yet been reported how DPs are related to either feed-forward or feedback mechanisms. Here we test the simple feedforward and feedback models shown in Fig. 4 .
where a is the gain factor. The equation of the feedback model with saturation function G in Eq.
(1) can be written as
Power-law Nonlinear Model
The compressive growth in the cochlear IO property can be fitted by a power-law nonlinearity [19] :
where the power p is less than unity. The signum function is defined by
3. RESULTS Figure 5 shows the IO properties of the transmission line model, the simple models and the power-law nonlinear model. The input levels were chosen to generate a moderate level of compression.
Pure-tone Response
The IO properties are linear at lower and higher input levels. The BM displacement of the transmission line model was amplified at sound pressure level of above 50 dB at the lower input level, in the same way as in the linear region in the Neely and Kim model. For the transmission line model, the compression depended on the sound frequency. The IO curves were most compressive for the characteristic frequency (CF; most sensitive frequency for a specific stimulus) and showed decreased compression for lower input frequencies. To evaluate whole cochlea Table 2 Parameters of the transmission line model in [21] . The parameters for the middle ear model are from [21] . The parameter values were chosen to agree, with the characteristic frequencies for human data in [22] . responses from 1,000 to 8,000 Hz, the IO slope of the transmission line model at the CF was calculated over the input range from 30 to 80 dB. Table 3 shows that the slope ranges from 0.12 to 0.20. Measurements in physiological studies have revealed that the most compressive growth of the IO properties occurs at the CF in mammals and that the degree of compression decreases when the input frequencies are far from the CF [1] . The slopes of the IO properties for moderate input levels were 0.1 to 0.2 in the sensitive chinchilla cochlea [13] . Figure 6 shows the amplitudes of frequency components $ð f 1 Þ, $ð f 2 Þ, and $ð2 f 1 À f 2 Þ of the BM displacement (see the last paragraph of Sect. 2.2) as a function of the cochlear location in the transmission line model when the two primary tones f 1 and f 2 were input simultaneously. The frequencies f 1 and f 2 were equal to 2,850 and 4,000 Hz, and the peaks of the waves were located 10 and 12 mm from the stapes, respectively. The phases for f 1 and f 2 showed phase lag from the base to the apex. This result implies the forward propagation of waves; this is known as the traveling wave theory.
Distortion Products
The two primary tones f 1 and f 2 produced the DP 2 f 1 À f 2 . The peak amplitude for 2 f 1 À f 2 appeared at 16 mm and is similar to that produced by f 1 and f 2 as input tones. The phase for 2 f 1 À f 2 differed from the phases for f 1 and f 2 , and indicated backward and forward wave propagation.
As shown in Fig. 6 , BM vibration was distributed spatially for both the primary tones and the DP. However, point responses of the BM have been measured in the experimental studies (e.g., [13] ). To avoid this problem, we evaluated the energy of the BM vibration in terms of the overall response of the BM. According to [25] , the energy of the BM vibration E b ð!Þ is given by
where The transmission line model predicts rounded contours symmetric about the diagonal line. The distribution depends on the frequency ratio f 2 = f 1 and is not affected by the frequency f 2 . For a lower frequency ratio f 2 = f 1 , the contour becomes narrower and more oblique than for a higher frequency ratio. In the simple feed-forward model, the parallel contours are oblique, whereas in the simple feedback model, the contours are well rounded. The powerlaw nonlinear model shows that the contour for a lower power p becomes narrower and more oblique than for a higher power p. All models show that the stripes are narrow when L 1 > L 2 and broad when L 1 < L 2 .
DISCUSSION

Comparison of Transmission Line Model and
Simple Models We have tested the nonlinear transmission line model of the cochlea and simple models, categorized as phenomenological models, which focus on the nonlinear IO function of the cochlea. In this section, we compare the comparison of the transmission line model and the simple models.
The properties of the current models include amplification and saturation when a tone is presented, as shown in Fig. 5 . The gain function in the simple models amplifies the input xðtÞ to 20, 40, and 60 dB in the linear region and saturates it in the nonlinear region. The active element (related to the OHC motility) in the present transmission line model also amplifies the BM vibration above 50 dB at lower sound pressure levels, and reproduces the compression at moderate input levels.
The simple models amplify both the primaries and the distortion in the saturation function G in Eqs. (11) and (12) . The present transmission line model shows forward traveling waves for the primary tones f 1 and f 2 and a forward and backward traveling wave for the DP 2 f 1 À f 2 , where a two tone pair is presented in Fig. 6 . The forward traveling wave for a tone is amplified by an active element in the cochlea [21] and is similar to the forward traveling waves for f 1 and f 2 . In contrast, the forward and backward traveling waves for 2 f 1 À f 2 are generated at x ¼ 11 nm. Li and Grosh reported that an internal and local source can excite both forward and backward traveling waves on the BM [27] . The envelope of the forward traveling wave shows similar shapes for f 1 and f 2 . This result indicates that the active element amplifies the spatial responses to distortion.
Characteristics of DP Levels
In this section, we discuss how the compression generated by the saturating feedback affects the inputlevel-dependent DPs in the cochlea. Measurements of BM vibration in animals [6] and DP otoacoustic emissions (DPAOEs) [7] showed that the DP level that increased as a function of input levels had maximum values distributed on a positive linear path and were sensitive to f 2 . The peak amplitudes grew with the input level, and the shapes of the curves on the contour map broadened with increasing frequency ratio f 2 = f 1 . Liu and Neely showed that similar results are generated by a saturating feedback within a transmission line model [10] .
The amplitudes of DPs can be explained by the DP amplitude being proportional to the input level in the saturation function, as described in Sect. 2.1. However, this cannot explain why the peaks appeared on the diagonal line in Fig. 7 . We assume that the third-order power series expansion in Eq. (1) causes this disagreement with the data.
The complex structure [9] and the many parameters [10] of the transmission line models have caused difficulties in understanding DP mechanics. In Fig. 7 , the results obtained from the transmission line model showed a similar level dependence of the DP to those of the simple feedback model, especially for a higher frequency ratio f 2 = f 1 . The functions of the simple feedback model are amplification and saturation, represented by one gain factor and one saturation function. Also, in the current transmission line model, the saturating feedback toggled by the OHC transducer function has the same role of the amplification of the BM motion at lower sound pressure levels and saturation at moderate and high sound pressure levels. This indicates that the saturating feedback caused the level dependence of the DP in the transmission line model. The simple models cannot explain the frequency ratio dependence because of the lack of a frequency term in the simple models described by Eqs. (11) and (12) .
The mechanoelectric transduction in OHCs shows a similar input level dependence of the DP in both the feed- forward and feedback forms [16, 17] , but the relationship between the DP and feed-forward/feedback differences has not been reported. In this paper, the differences between the feed-forward and feedback models are the degrees of compressive growth in the IO function shown in Figs. 5(b) and 5(c), and are the patterns of the DP level dependences shown in Figs. 7(b) and 7(c). The degree of compressive growth for the simple feedback model is lower than that for the simple feed-forward model and can be fitted by the power-law nonlinear model in Fig. 5(d) . The DPs obtained from the simple models in Figs. 7(b) and 7(c) correspond to those of the power-law nonlinear model in Fig. 7(d) . This result indicates that the appropriate degree of compressive nonlinearity generated by the saturating feedback affects the DP dependence on input levels.
The gain factor a in the simple feedback model affects the IO curves shown in Fig. 5(c) ; however, it negligibly affects the level dependence of the DP shown in Fig. 7(c) . The reason for this is that the degrees of compressive growth in the IO function for various values of the gain factor a are similar above an input level of 50 dB. In particular, the IO curves for the gain factors a ¼ 0:99 and 0.999 are almost the same in the plotted range in Fig. 7 . A gain of more than 40 dB is obtained when the value of the gain factor a is set to more than 0.99. The intact cochlea shows cochlear amplification of over 40 dB [1] . This implies that the gain factor is not the dominant factor behind the DP level dependence in a healthy cochlea.
CONCLUSION
The modulation effect in the saturation function is a simple and useful explanation for the level dependence of distortion products (DPs) (on the cochlea) as a feedforward process. However, cochlear processing has thus far been believed to be a saturating feedback process. In the present work, we tested a transmission line model with saturating feedback, simple feed-forward, and feedback models, each with one saturation function and one gain factor, and a power-law nonlinear model to fit compressive curves. At moderate input levels, the models produced DPs. The dependence of these DPs on the primary input level in the simple feedback model was similar to the results obtained from the power-law nonlinear model, enabling the fitting of compressive growth to the simple feedback models. In addition, similar results were obtained for the transmission line model. The results suggest that the compressive nonlinearity generated by the saturating feedback is dominant in DPs and that the simple feedback model can account for the details of DPs in the cochlea.
